PROBLEM SET 12

JIAHAO HU

Problem 1. Prove the following.
(1) If f=3T" CjX[a;,b;) 18 @ step function, define

I(w) = / " i dut) = 3¢ lwlby) — w(ay)].

Then Iy is an L* random variable on 2. with mean 0 and variance || f||3 =

[ 1fPPdz.

(2) The map f — I extends to an isometry from L*([0,00)) to L*(£).
(8) If f € BV([0,00)) is right continuous and supp(f) is compact, there is a

sequence {fn} of step functions such that f, — f in L* and df, — df
vaguely.

(4) If f € BV ([0,00)) is right continuous and supp(f) is compact, then It(w) =

— J5 T w(t)df (t) almost surely.

Proof. Let {X;}i>0 denote the Wiener process.

(1)

Without loss of generality, we may assume intervals [a;, b;)’s are disjoint.
Then notice that Iy = Y7 ¢;(Xy, — Xg,). Since (X3, — X, )’s are indepen-
dent L? random variables with mean 0 and variance (b; — a;), I is an L?
random variable with mean Y Y ¢; - 0 = 0 and variance ) ¢5(b; — a;) =
1F113-
From (1) we see if f is a step function, then since Iy has mean 0 we
have ”If”%Q(QC) = o%(ly) = Hf||2L2([o,oo))- By density of step functions
in L?([0,00)), f + Iy uniquely extends to an isometry from L?([0, 00)) to
L2(.).
By dealing with positive and negative variations separately, we may assume
f is increasing. Now f is of bounded variation, right continuous and of
compact support, df € M([0,00)) is a finite positive Borel measure. Then
by Problem 5 in Homework 9, there exists measures u,, supported on finite
sets such that u, — df vaguely, moreover we can take u, to be positive.
Consider fp(z) == pn((0,2]) + £(0), then since u, is supported on finite
points we have f, is a step function, and df,, — df vaguely by definition.
We claim f, — f in L?. Indeed, f is continuous a.e. so by Prop. 7.19
fn — f ae., then f,, — f in L? by dominated convergence theorem.
First for f = Y77 ¢jX[a;.0,) &f = D1 ¢j(8a; — ;) and thus
n
- [war® = = 3 es(wlay) - wiby)) = ).
1
In general, by (3) we can find step functions f,, such that f, — f in L?
with df, — df vaguely. By (2) Iy, — Iy in L*(Q.), and replacing f,, by a
1
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subsequence if necessary we may assume Iy, — Iy almost surely. Therefore,
almost surely we have

If(w) = lim Iy, (w) = lim —/w(t)dfn(t) = —/w(t)df(t).

n—oo n—oo

O

Problem 2. Let R, and L, denote right and left translation by x in a locally
compact group G. Let p be a Radon measure on G, and f € C.(G). Show that the
functions x — [ Ly fdp and x — [ Ry fdp are continuous.

Proof. We shall prove z ~ [ L,fdp is continuous, similar argument works for
z + [ Ryfdu. Since G is locally compact, we can find Vy open and K compact
such that e € Vyj C K. Let € > 0, by Prop. 11.2 f is left uniformly continuous, so
there is an open neighborhood V' C Vj of e such that ||L,f — f|l. < €/M where
M = p((z-supp f)U(zK -supp f)). Note since (z-supp f)U(xK -supp f) is compact
and p is Radon, we have M < oo. Let U = zV, then for any '’ = xy € U we have,

| / L. fdy - / Lur ) < |Laf — Loy fllu - p((x - supp f) U (2K - supp f))
1 = Lyfllu- M

<e.
This proves © — [ L, fdu is continuous. (I

Problem 3. Let G be a locally compact group which is homeomorphic to an open
subset U of R™ in such a way that, if we identify G with U, left translation is an
affine map — that is, vy = A, (y)+b, where A, is a linear transformation of R"™ and
b, € R™. Show that |det A,|~dz is a left Haar measure on G, where dz denotes
Lebesgue measure on R™.

Proof. We notice for 1,25 € G, T122y = Ag, Ap, (y) + (Ayp, by, +bs,) for ally € G,
S0 Ag,zy = Az, Ag,. In particular A, 1+ = (A;) ", hence du(z) = |det A,|1dx is
nonzero. It is clear A, is continuous with respect to z, so u is Radon.
Let v = 271y = (A2) " (y) + by-1, then dy’ = |det A,|~1dy, thus
du(y') = |det Ay |~ dy’ = |det Ay || det Ay|"tdy = |det A, | dy = du(y).

Therefore for any f € CF we have

[ tatdn= [ Laswintv) = [ £6duw) = [ 16ty /fdu

By Prop. 11.4, p is is a left Haar measure.

Problem 4. Let G = :5 ? with x > 0 and y € R. Construct a Borel set in

G with finite left Haar measure but infinite right Haar measure. Construct a left
uniformly continuous function on G that is not right uniformly continuous.

Proof. We identify G with R, x R C R?. Then under this identification (z,y) -
(z,w) = (xz,2w + y) = (xl3)(z,w) + (0,y) where I is the identity linear trans-
formation on R?. Thus by Problem 3, | det(xl3)|~tdwdy = v~ 2dzdy is a left Haar

* 0> (z,w), so x~dxdy is a right Haar

measure on G. Similarly (z,w)- (z,y) = <y 1

measure on G.
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(1) Let E =[1,00) x [0,1] C G, then it has measure 1 with respect to left Haar
measure z~2dzdy and infinite right Haar measure.

(2) Let f(x,y) = siny. Then for o = 8 11) € G where u is close to 1
and v close to 0, we have |L,-1 f(z,y) — f(z,y)] = |(u — 1)siny + v| <
|u — 1| + |v|. This shows f is left uniformly continuous. However, we claim
limsup,_,, ||Rof — fllu > 1. Indeed, for any v > 0

|1Rof = fllu = [Ro f(m/20,0) — f(7/2v,0)] = 1.
|

Problem 5. Let {Go}aca be a family of topological groups and G = [[,c4 Ga-
Prove that with product topology and coordinatewise multiplication, G is a topolog-
ical group. If each G, is compact and e is the Haar measure on G, such that
ta(Go) =1, then the Radon product of the ul s is a Haar measure on G.

Proof. (1) Let g =]],ca 9a € G. Since both 7, : G — G4, Ly, are continuous,
sois maoLy = Lg, om, for all « € A. This proves L is continuous. Similarly
one can prove inverse is continuous. Therefore G is a topological group.

(2) By Tychnoff’s theorem, G is compact Hausdorff, in particular locally com-
pact. By Prop. 11.4, it suffices to show [ fdu = [ L,fdu for all f €
CHG) c C(G). Moreover, since Cr(G) is dense in C(G) and pu Radon
with ||u]| = p(G) < oo, it suffices to check for f € Cr(G). Then we may
regard f as a function on a finite product of G’s, the rest will follow easily

from the invariance of Haar measure u,’s and Fubini’s theorem.
O



